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ABSTRACT
In modern DSL systems, crosstalk is a major source of perfor-
mance degradation. Crosstalk cancellation techniques have been
proposed to mitigate the effect of crosstalk. However, the complexity
of these crosstalk cancellation techniques grows with the square of
the number of lines. Therefore one has to be selective in cancelling
crosstalk to reduce complexity. Secondly, crosstalk cancellation re-
quires signal-level coordination between transmitters or receivers,
which is not always available. Because of accessibility constraints,
crosstalk between some lines cannot be cancelled and so has to be
mitigated through spectrum management. This paper presents a
solution for the joint spectrum management and constrained par-
tial crosstalk cancellation problem. The complexity of the partial
crosstalk cancellation part of the problem is reduced based on a
line selection and user independence observation. However, to fully
benefit from these observations, power loading has to be applied
for spectrum management. We therefore consider ON/OFF power
loading, which has only a minor performance degradation com-
pared to normal power loading. The algorithm will be compared
to currently available algorithms for independent spectrum man-
agement and partial crosstalk cancellation.
1. INTRODUCTION
Current xDSL access networks are evolving into mixtures of vari-
ous DSL flavours. Traditional ADSL lines provisioning customers
over longer distances are starting to share binders with VDSL lines
deployed from remote terminals. These network topologies suffer
from electromagnetic coupling resulting in crosstalk between lines.
Because current xDSL systems under development use higher fre-
quencies to meet the demand for high data rates, crosstalk is be-
coming particularly harmful. Moreover, significant line length vari-
ations and mixed deployments from central offices (CO’s) and re-
mote terminals (RT’s) create a near-far effect in the upstream and
downstream direction respectively. This causes crosstalk to some-
times overpower the direct signals. As a result, crosstalk, being 10-
15 dB larger than the background noise, is a major limiting factor
in the performance of xDSL systems.
One strategy for dealing with this crosstalk is crosstalk can-
cellation. Several crosstalk cancellation techniques have been pro-
posed to remove crosstalk [1] [2] [3]. In [4] [5] it is shown that a
simple linear zero-forcing canceller or linear precompensator per-
forms near optimally in an xDSL environment.
Even for these simple linear cancellers, the complexity grows
with the square of the number of lines. For example, in a binder
of 8 VDSL lines transmitting on 4096 tones at a block rate of 4000
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blocks per second, the runtime complexity of crosstalk cancella-
tion exceeds 1 billion multiplications per second. Because most of
the crosstalk originates from a limited number of lines on a lim-
ited number of tones, a fraction of this complexity suffices to can-
cel most of the crosstalk. This is called partial crosstalk cancella-
tion [6] [7].
Crosstalk cancellation requires signal-level coordination at ei-
ther the transmitter or receiver, i.e. the signals transmitted on in-
terfering lines should be known to the canceller. Oftentimes, not
all interfering lines can be cancelled because their signals are not
accessible. This is the case in a mixed CO-RT deployment where
CO and RT reside in different geographical locations. Here par-
tial crosstalk cancellation at the CO side has to be done indepen-
dent of the partial crosstalk cancellation at the RT side. Secondly,
accessibility constraints restrict the number of lines that can have
signal-level coordination, even if they are at the same location. For
example, crosstalk cancellation may not be possible between lines
connected to different line cards.
In such situations, spectrum management can be used to miti-
gate the crosstalk originating from lines that are not accessible. This
is a second strategy for dealing with crosstalk. Instead of cancelling
the crosstalk after it has occurred, transmit spectra are chosen such
that the effect of crosstalk is minimized.
Currently available algorithms independently solve the spec-
trum management and partial cancellation problem. A spec-
trum management algorithm first chooses spectra that try to avoid
crosstalk. As an example, Optimal Spectrum Balancing (OSB) [8]
[9] can be used to calculate optimal spectra that minimize the effect
of crosstalk. Given these spectra, a partial crosstalk cancellation
scheme is used to cancel the remaining crosstalk. This approach
can be suboptimal. The spectrum management algorithm does not
take into account that a certain amount of crosstalk can be cancelled
afterwards and hence the spectra will be overly conservative.
A better solution can be obtained if the spectrum management
and partial crosstalk cancellation problems are solved jointly. In
[10], partial crosstalk cancellation based on resource allocation [6]
is combined with Iterative Waterfilling (IW) spectrum management
[11] in an iterative fashion. However, IW tends to be highly sub-
optimal in near-far scenarios. In this paper, the OSB algorithm is
extended to include constrained partial crosstalk cancellation.
2. JOINT SPECTRUM MANAGEMENT AND
CONSTRAINED PARTIAL CROSSTALK CANCELLATION
2.1 System Model
Most current DSL systems use Discrete Multi-Tone (DMT) mod-
ulation. The available frequency band is divided in a number of
parallel subchannels or tones. Each tone is capable of transmitting
data independently from other tones, and so the transmit power and
the number of bits can be assigned individually for each tone. This
gives a large flexibility in optimally shaping the transmit spectrum
to minimize the effect of crosstalk.
Transmission for a binder of N users can be modelled on each
tone k by
yk = Hkxk +zk k = 1 . . .K.
The vector xk = [x1k ,x
2
k , . . . ,x
N
k ]
T contains the transmitted signals on
tone k for all N users. [Hk]n,m = hn,mk is an N×N matrix containing
the channel transfer functions from transmitter m to receiver n. The
diagonal elements are the direct channels, the off-diagonal elements
are the crosstalk channels. zk is the vector of additive noise on tone
k, containing thermal noise, alien crosstalk, RFI,. . . The vector yk
contains the received symbols.
To take crosstalk cancellation into account, an equivalent chan-
nel H˜ is introduced. This is the same channel as the original chan-
nel H, but with off-diagonal elements set to 0 where the crosstalk
is cancelled. If user n is cancelling crosstalk originating from user
m on tone k, then ˜hn,mk = 0. We refer to [6] [7] where procedures
are explained for cancelling individual crosstalk channels, based on
particular DSL channel characteristics (row/column-wise diagonal
dominance).
We denote the transmit power as snk , ∆ f E{|x
n
k |
2}, the noise
power as σnk , ∆ f E{|z
n
k |
2}. The vector containing the transmit
power of user n on all tones is sn , [sn1,sn2, . . . ,snK ]T . The DMT
symbol rate is denoted as fs, the tone spacing as ∆ f .
It is assumed that each modem treats interference from other
modems as noise. When the number of interfering modems is large,
the interference is well approximated by a Gaussian distribution.
Under this assumption the achievable bit loading of user n on tone
k, given the transmit spectra of all modems in the system, is
bnk , log2
(
1+ 1
Γ
|˜hn,nk |
2snk
∑m 6=n |˜hn,mk |2smk +σnk
)
, (1)
where Γ denotes the SNR-gap to capacity, which is function of the
desired BER, the coding gain and noise margin. The bitload vector
for user n is then bn = [bn1,bn2, . . . ,bnK ] and b = [b1,b2, . . . ,bN ].
The data rate and total power for user n is
Rn = fs ∑
k
bnk and P
n = ∑
k
snk .
2.2 Problem Statement
The joint spectrum management and constrained partial crosstalk
cancellation problem amounts to finding an optimal allocation of
transmit power and selection of the crosstalk to cancel, thereby
maximizing the capacity of the network. In doing so, there are a
number of constraints.
First of all, there is a total power constraint Pn,tot for each user.
This constraint ensures the user’s total power does not exceed the
maximum allowed total transmit power. On top of this constraint
there can be a spectral mask constraint sn,maskk for each tone to guar-
antee electromagnetic compatibility with other systems.
Secondly, because of the runtime complexity of full crosstalk
cancellation, there is a limited amount of resources for crosstalk
cancellation. The cancellation of the crosstalk from one crosstalker
on a tone is done by one cancellation tap [6] [7]. The number of
cancellation taps that can be used is constrained by the cancellation
tap constraint Ctot [12]. Furthermore, in a bundle of lines, not all
crosstalk can be cancelled. This is the case when receivers are in
different geographical locations or when lines are terminating on
different line cards. These scenarios can be modelled by multiple
cancellation tap constraints Cq,tot , each constraint for a subset q of
lines with full signal-level access.
Finally, there is a rate constraint Rn,target for each user.
Typically, service providers offer a number of profiles to guarantee
a certain Quality of Service. The rate constraint then indicates a
minimum data rate required by the user.
Joint spectrum management and constrained partial crosstalk
cancellation then results in solving the following maximization
problem, adopted from [12] and extended to include accessibility
constraints:
maxs,c ∑Nn=1 Rn
s.t. Pn ≤ Pn,tot n = 1 . . .N
0≤ snk ≤ s
n,mask
k n = 1 . . .N,k = 1 . . .K
Cq = ∑Kk=1 ∑m∈iq ∑n∈iq cn,mk ≤Cq,tot q = 1 . . .Q
Rn ≥ Rn,target n = 1 . . .N
(2)
with [ck]n,m = cn,mk c
n,m
k =
{
0 ⇒ ˜hn,mk = h
n,m
k
1 ⇒ ˜hn,mk = 0
where s = [s1,s2, . . . ,sN ] and c = [c1,c2, . . . ,cK ]. ck is a matrix
containing the crosstalk cancellation configuration for tone k.
c
n,m
k = 1 indicates that a cancellation tap is assigned on tone k for
cancelling crosstalk on line n originating from line m. Because of
accessibility constraints, n and m are restricted to the subset of line
indices iq which have full signal-level control. For lines n,m that
have no signal-level control, cn,mk = 0,∀k.
2.3 Dual Decomposition
Optimization problem (2) is a non-convex problem. To find the
global optimum one has to exhaustively search through all possible
transmit spectra s and cancellation tap configurations c. Because
some constraints are coupled over the tones, this results in an ex-
ponential complexity in the number of tones. By using a dual de-
composition the complexity can be made linear [8] [9] [12]. This is
done by using Lagrange multipliers to move the constraints coupled
over tones into the objective function of the optimization problem:
sopt ,copt = argmax
s,c ∑Nn=1 ωnRn +∑Nn=1 λn
(
Pn,tot −∑Kk=1 snk
)
+∑Qq=1 νq
(
Cq,tot −∑Kk=1 ∑n∈iq ∑m∈iq cn,mk
)
(3)
subject to 0≤ snk ≤ sn,maskk n = 1 . . .Nλn ≥ 0,ωn ≥ 0 n = 1 . . .N
νq ≥ 0 q = 1 . . .Q
where ωn, λn and νq are Lagrange multipliers. For a given set of
ω = [ω1, . . . ,ωN ]
T
, λ = [λ1, . . . ,λN ]T and ν = [ν1, . . . ,νQ]T , the
optimization problem can then be solved in a per-tone fashion:
for k = 1 . . .K, soptk ,c
opt
k = argmaxsk,ck ∑Nn=1 ωn fsbnk
−∑Nn=1 λnsnk −∑Qq=1 ∑n∈iq ∑m∈iq νqcn,mk
(4)
subject to 0≤ snk ≤ sn,maskk n = 1 . . .Nλn ≥ 0,ωn ≥ 0 n = 1 . . .N
νq ≥ 0 q = 1 . . .Q
Maximization of (4) for given Lagrange multipliers can be per-
formed by an exhaustive search. For each tone, the objective func-
tion should be evaluated for all possible combinations of the trans-
mit power levels and cancellation tap configurations of the users.
The combination giving the largest value for this expression is the
optimal allocation of transmit power and cancellation taps for this
tone. Instead of power loading, one could also perform bit load-
ing by choosing all possible bit allocations. This would be the
case when (2) would be reformulated as an optimization problem
in {b,c} instead of {s,c}.
After the optimization, the constraints can be checked. By
choosing appropriate values for the Lagrange multipliers, the con-
straints can be enforced. λ and ν can be seen as a cost for power
and crosstalk cancellation taps respectively. Larger values for these
Lagrange multipliers result in less power and allocated cancellation
taps. The data rates of the users are weighted by ω , thereby giving
a level of importance to the users. In this way, all possible trade offs
can be made to enforce the data rate constraints. For given ω ,λ
and ν , the constraints can be checked by performing an exhaustive
search for all tones.
To solve (2) by (4), ω ,λ and ν should be tuned to enforce the
constraints. In [8], an efficient Lagrange multiplier search proce-
dure for ω and λ is presented. This procedure can be easily ex-
tended to include ν , resulting in the following update formula for
the Lagrange multipliers:
[ ∆ω
∆λ
∆ν
]
=−µ
[
R −Rtarget
Ptot −P
Ctot −C
]
⇒
[
ω
λ
ν
]t+1
=

[ ωλ
ν
]t
−µ
[
R −Rtarget
Ptot −P
Ctot −C
]
+ (5)
where (x)+ means max(0,x) and where R = [R1, . . . ,RN ]T , P =
[P1, . . . ,PN ]T and C = [C1, . . . ,CQ]T are vectors with the total pow-
ers, data rates and number of cancellation taps corresponding to the
Lagrange multipliers at hand. This update formula is used in algo-
rithm 1 adopted from [8].
Algorithm 1 Lagrange multiplier search algorithm
while distance > tolerance do
Θ = [ω ,λ ,ν ]T = best [ω ,λ ,ν ]T so far
µ = 1
while distance ≤ previousDistance do
previousDistance = distance
µ = µ×2
∆Θ = [∆ω ,∆λ ,∆ν ]T = update formula (5)
[RΘ+∆Θ ,PΘ+∆Θ ,CΘ+∆Θ ,s,c] = exhaustiveSearch(Θ +∆Θ)
distance = ‖[RΘ+∆Θ −Rtarget ,Ptot −PΘ+∆Θ ,Ctot −CΘ+∆Θ ]T ‖
end while
end while
Note that all the Lagrange multipliers are updated in parallel.
In [8] it is shown that adding extra Lagrange multipliers does
not increase the number of steps required for convergence. The
search procedure typically converges in 50 to 150 steps. Therefore,
the cancellation tap constraint only adds to the complexity of the
per-tone exhaustive search.
2.4 Complexity
The joint spectrum management and constrained partial crosstalk
cancellation problem (2) is a non-convex constrained optimization
problem. Without the dual decomposition, finding the global opti-
mum requires an exhaustive search over all possible solutions. First,
assume there are no accessibility constraints, so all crosstalk can be
cancelled. On a certain tone, a user has to decide which crosstalk of
N−1 other users has to be cancelled. There are 2N−1 possibilities
to do this. Together with B possibilities for bit or power loading,
this results in a total of B2N−1 possibilities for each user on each
tone and hence a total complexity of O((B2N−1)KN).
The dual decomposition decouples the problem over the tones,
therefore reducing the exponential complexity in the number of
tones K to linear complexity: O(K(B2N−1)N). This amounts to K
exhaustive searches of complexity O((B2N−1)N). This is an enor-
mous reduction in complexity. However, this solution is still com-
putationally intractable because of the remaining complexity of the
per-tone exhaustive search, which is (2N−1)N times more complex
than solving the spectrum management problem without crosstalk
cancellation. In a 4-user upstream VDSL scenario for example,
it takes 20 days to calculate optimal spectra with OSB on a Pen-
tium IV. Adding partial crosstalk cancellation to the problem would
then take about 225 years.
The dual decomposition approach is only feasible if the per-
tone exhaustive search can be performed with manageable complex-
ity, which was also concluded in [12]. In the next section, methods
are introduced to make this possible.
3. COMPLEXITY REDUCTION
The complexity of the per-tone exhaustive search for the joint spec-
trum management and constrained partial crosstalk cancellation
problem is O(K(B2N−1)N) in the case where all crosstalk can be
cancelled (section 2.4). This can be rewritten as O(KBN(2N−1)N),
clearly showing the per-tone complexity due to spectrum manage-
ment, O(BN), and partial crosstalk cancellation, O((2N−1)N). In
this section we focus on reducing the complexity originating from
these two individual subproblems.
3.1 Partial Crosstalk Cancellation
This subsection again starts with the assumption that there are no ac-
cessibility constraints, i.e. that all crosstalk can be cancelled. Later,
observations will be extended to the case when there are multiple
line cards which cannot access each others lines for crosstalk can-
cellation.
To determine the optimal allocation of crosstalk cancellation
taps for a given bit or power loading on a certain tone, all of
the (2N−1)N ≈ 2N2 possible allocations have to be evaluated.
Even for a limited number of users this is already too large.
Fortunately, many of these possibilities can be eliminated based on
two observations: line selection and user independence.
• Line Selection: From (1) it can be seen that to maximize the ca-
pacity, one should allocate crosstalk cancellation taps to cancel
the users that are causing the largest crosstalk. Therefore, if r
crosstalk cancellation taps are available, they should be used to
cancel the r largest sources of crosstalk.
As a consequence, instead of 2N−1 possibilities, there are now
only N possibilities: cancel no crosstalker, cancel the strongest
crosstalker, cancel the 2 strongest crosstalkers, . . ., cancel the
N−1 strongest crosstalkers.
• User Independence: From (1) it can be seen that if user n al-
locates a crosstalk cancellation tap to cancel crosstalk caused
by user m (e.g. ˜hn,mk = 0) this only has an influence on the ca-
pacity of user n. Therefore, when power loading is applied, the
users are decoupled so they can choose a crosstalk cancellation
configuration independently.
As a consequence, the exponential complexity in N is reduced to
linear complexity. Instead of one big search over all users, there
are N independent searches for the users. This observation, to-
gether with line selection, results in the following complexity
reduction:
(2N−1)N line selection→ NN user independence→ NN (6)
It is noted that in the case of optimal bit loading, user inde-
pendence does not hold. Adding a crosstalk cancellation tap
changes the power needed to transmit a certain number of bits,
thus also the crosstalk to other users changes. This may affect
the configuration of crosstalk cancellation taps for these other
users.
These observations can be easily extended to the case where
there are multiple line cards. In this case, there are accessibility
constraints, reducing the number of crosstalkers that can be can-
celled. Assume there are Q line cards. Line card q has access to Mq
lines, with ∑Qq=1 Mq = N. The complexity reduction by line selec-
tion and user independence is then summarized in table 1.
In a 8-user case, the observations reduce the number of
crosstalk cancellation configurations from 256 to 26. If there are
2 line cards, each having 4 lines, the number of crosstalk cancella-
tion configurations is reduced from 224 to 25.
Note that despite drastic complexity reductions, the solution is still
optimal.
3.2 Spectrum Management: ON/OFF Power Loading
In this subsection, the complexity of the spectrum management part
of the problem is reduced. Despite the complexity reduction pro-
Table 1: Complexity reduction partial crosstalk cancellation
1 line card Q line cards
full complexity O((2N−1)N) O(∏Qq=1(2Mq−1)Mq )
line selection O((N)N) O(∏Qq=1(Mq)Mq )
user independence O(N2N−1) O(∑Qq=1 Mq2Mq−1)
line selection & user independence O(NN) O(∑Qq=1 MqMq)
vided by dual decomposition, OSB is still too complex for sce-
narios with more than 3 users. The reason is the per-tone exhaus-
tive search which still has exponential complexity in the number of
users: O(BN). In [13] [14] an iterative procedure is used to make
this complexity linear. However, optimality cannot be guaranteed.
In this paper, the complexity is combated by reducing B, the
number of possible transmit levels (for power loading) or bit allo-
cations (for bit loading). Originally, for OSB, typical values for B
are 60 in the case of power loading and 14 in the case of bit loading.
Therefore, bit loading would be the most efficient method for OSB.
However, as shown in the previous subsection, power loading is
necessary to fully benefit from the line selection and user indepen-
dence observations when also deciding on the partial crosstalk can-
cellation configuration. By limiting the transmit spectra to ON/OFF
power loading, B = 2, the complexity is reduced from O(BN) to
O(2N). This ON/OFF power loading problem equals (4) with the
spectral mask constraints replaced by
snk ∈ {0,s
n,ON
k } with s
n,ON ≤ sn,maskk . (7)
This ON/OFF power loading results in simple transmit spectra, sim-
ilar to what is used in current ADSL systems.
To define the ON-level sn,ON for each user, the algorithm de-
scribed in [15] can be used. It is shown there that the extra constraint
of ON/OFF spectra only results in a small performance degradation
of 10-15% compared to the full OSB algorithm.
When combining the line selection and user independence ob-
servations with ON/OFF power loading, the optimization of (2) can
be done in a matter of minutes instead of the original 225 years.
4. SIMULATION RESULTS
In this section the performance is analyzed when solving the joint
spectrum management and constrained partial crosstalk cancella-
tion problem as opposed to independently solving these two prob-
lems. An upstream VDSL scenario is considered as shown in fig-
ure 1, with full signal-level coordination. A line diameter of 0.5 mm
(24 AWG) is used and the maximum transmit power is 11.5 dBm.
The SNR gap Γ is set to 12.9 dB, corresponding to a target symbol
error probability of 10−7 , coding gain of 3 dB and a noise margin of
6 dB. The tone spacing is ∆ f = 4.3125 kHz and the DMT symbol
rate fs = 4 kHz.
600 m
1200 m
Figure 1: 4-user VDSL scenario
In figure 2 rate regions are shown to compare the perfor-
mance of the joint solution and the independent solution obtained
by independently solving the spectrum management problem (with
ON/OFF loading) and the partial cancellation problem. The rate
regions show significant performance gains of the joint solution
over the independent solution. Because the independent solution
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Figure 2: Rate regions 4-user VDSL scenario
first independently solves the spectrum management problem, the
transmit spectra are chosen to avoid crosstalk. This can be seen
in figure 3(a)(c), where the PSD is shown along with the alloca-
tion of cancellation taps for each user and the originating user of
the crosstalk that is cancelled. For this strong crosstalk scenario
the transmit spectra result in long and short lines occupying differ-
ent frequency bands. When the partial crosstalk cancellation prob-
lem is solved, there is not much crosstalk left to cancel. Therefore,
only a limited crosstalk cancellation tap budget can be used effec-
tively. Figure 2 shows that no performance is gained by increasing
the crosstalk cancellation tap budget beyond 15% of full cancella-
tion.
When the spectrum management problem and the partial
crosstalk cancellation problem are solved jointly, transmit spec-
tra are chosen such that only crosstalk that cannot be cancelled is
avoided. This can be seen in figure 3(b)(d), where all crosstalk
cancellation taps can now be used effectively. Depending on the
crosstalk cancellation tap budget, transmit spectra can overlap on
frequencies with the highest capacity, resulting in significant per-
formance gains.
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Figure 3: Spectra and cancellation configurations: (a) independent
solution, 6% of full cancellation; (b) joint solution, 6% of full can-
cellation; (c) independent solution, 30% of full cancellation; (d)
joint solution, 30% of full cancellation;
When there are restrictions on the signal-level coordination, a
choice has to be made as to which lines will be connected to the
same line card. In this case, there are two possibilities: connect the
600 m
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Figure 4: 4-user VDSL scenarios with limited signal-level coordi-
nation
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Figure 5: Rate regions 4-user VDSL scenario with limited signal-
level coordination: equal line lengths together
lines with the same length to the same line card (figure 4(a)) or con-
nect lines with different length to the same line card (figure 4(b)).
Connecting lines with the same length to the same line card re-
sults in the rate regions of figure 5. Only limited performance is
gained by increasing the crosstalk cancellation tap budget. This is
caused by the fact that the long lines do not have access to the short
lines. Therefore, this major source of crosstalk cannot be cancelled.
As a result, the spectrum management has to be used to avoid this
crosstalk and both groups of lines occupy different frequency bands.
Therefore the joint and independent solutions are similar and only
a limited number of crosstalk cancellation taps can be used effec-
tively.
When lines of different length are connected to the same line
card, the rate regions of figure 6 are obtained. Again, there is no
significant difference between the joint and independent solutions.
Because the long lines cannot access all short lines, there will be
severe crosstalk that cannot be cancelled if these lines would use
the same frequency band. As a consequence, long and short lines
use different frequency bands. Moreover, because lines of equal
length are on different line cards, no crosstalk cancellation taps can
be assigned.
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Figure 6: Rate regions 4-user VDSL scenario with limited signal-
level coordination: mixed line lengths
5. CONCLUSION
In this paper, a solution was presented to jointly solve the spectrum
management and constrained partial crosstalk cancellation problem
based on a dual decomposition approach. The complexity of the
partial crosstalk cancellation part of the solution was reduced to a
minimum based on a line selection and a user independence ob-
servation. However, to fully benefit from these observations, power
loading has to be applied for spectrum management. We have there-
fore considered ON/OFF power loading, which only has a minor
performance degradation compared to the original power loading.
It was shown that when the spectrum management problem
and partial crosstalk cancellation problem are solved independently,
only a limited number of crosstalk cancellation taps can be used
effectively because crosstalk is avoided in the first place by the
spectrum management. When jointly solving the problems, only
crosstalk that cannot be cancelled is avoided, thereby significantly
increasing performance.
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